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AFFINE ALGEBRAIC SUPER-GROUPS WITH INTEGRAL
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Abstract. We generalize to the super context, the known fact that if an affine al-
gebraic groupG over a commutative ring k acts freely on an affine scheme X over
k, then the dur sheaf X ˜˜/G of G-orbits is an affine scheme in the following two
cases: (I)G is finite; (II) k is a field of characteristic zero, andG is linearly reduc-
tive. An emphasize is put on the more difficult generalization in the second case;
the replaced assumption then is that an affine algebraic super-group G over an
arbitrary field has an integral. Those super-groups which satisfy the assumption
are characterized, and are seen to form a large class if char k = 0. Hopf-algebraic
techniques including bosonization are applied to prove the results.
KeyWords: affine super-group, affine super-scheme, Hopf super-algebra, integral,
torsor, principal super-bundle
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1. Introduction
As a recent progress in super-geometry one may refer to a series of results on al-
gebraic super-groups obtained by using Hopf-algebraic techniques; see [7]-[16],
[21], [22] and [24]. This paper is written so as to hopefully contribute to the
progress.
1.1. Background and our aim. To discuss (group) schemes and their super ana-
logues, we adapt the functorial point of view just as Demazure and Gabriel [2], and
Jantzen [5] do. Throughout, we work over a non-zero commutative ring k. Suppose
that an affine algebraic group (scheme) G (over k) acts freely on an affine scheme
X from the right. Then one has the dur sheaf X ˜˜/G of G-orbits. The following is
known:
Theorem 1.1. X ˜˜/G is an affine scheme, if
(i) G is finite, or
(ii) k is a field of characteristic zero, and G is linearly reductive.
The result in Case (i) is widely known as Grothendieck’s Theorem. The result
in Case (ii) was essentially proved by Mumford; see [17, Theorem 1.1].
Our aim of the paper is to generalize the known result above to the super context.
The above-cited [17, Theorem 1.1] does not assume that the action by G on X is
free. But the assumption, moreover, makes X → X ˜˜/G into a G-torsor, in which
situation we are interested for further study; see Remark 2.6.
1.2. Basics on super-symmetry. A super-module V over k is a synonym of a k-
module graded by the order-2 group Z2 = {0, 1}, and is thus the direct sum V =
V0⊕V1 of its even component V0 and odd component V1; it is called a super-vector
space if k is a field. It is said to be purely even if V = V0. Saying an element v ∈ V ,
we often suppose, without explicit citation, that it is homogeneous, or namely,
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0 , v ∈ V0 ∪ V1, and denote its degree by |v|. The super-modules naturally form
a tensor category, which we denote by SModk. The morphisms are required to
preserve the degree. The tensor product is the obvious one ⊗k taken over k, and it
will be denoted by ⊗, simply. This tensor category is symmetric with respect to the
so-called super-symmetry
cV,W : V ⊗W
≃−→ W ⊗ V, c(v ⊗ w) = (−1)|v||w|w ⊗ v.
A (Hopf) algebra object in SModk is called a (Hopf ) super-algebra. A purely even
(Hopf) super-algebra is the same as an ordinary (Hopf) algebra. Unless otherwise
stated, (Hopf) super-algebras R will be assumed to be super-commutative. The
assumption is precisely: (1) the subalgebra R0 of R is central, and (2) x
2 = 0 for all
x ∈ R1. If 2 : R → R, y 7→ 2y is injective (e.g., if k is a field of characteristic , 2),
then (1) and (2) are equivalent to that the product map m : R ⊗ R → R satisfies
m ◦ cR,R = m. If 2 = 0 in R (e.g., if k is a field of characteristic 2), then they are
equivalent to that R is commutative (in the usual sense), and x2 = 0 for all x ∈ R1.
1.3. The main result. We let SAlgk denote the category of super-algebras over
k; it is closed under the tensor product ⊗, which presents the direct sum. Recall
that the functorial point of view defines affine (group) schemes or dur sheaves
to be functors which are defined on the category Algk of commutative algebras,
and satisfy certain conditions. We can define super-analogues of these notions, by
extending Algk to SAlgk; see Sections 2.2–2.3 for details. Our main results are
summarized as follows.
Theorem 1.2. Suppose that an affine algebraic super-group G acts freely on an
affine super-scheme X. Then the dur sheaf X ˜˜/G of G-orbits is constructed. This
X ˜˜/G is an affine super-scheme, if
(I) (Theorem 2.8) G is finite, or
(II) (Theorem 3.17) k is a field, and G has an integral.
The result in Case (I) was obtained by Zubkov [29], who assumes that k is a field.
The result in Case (II) as well generalizes his result, since every finite super-group
over a field is seen to have an integral.
We remark that as a special case of X ˜˜/G as above, the quotient G ˜˜/H of an affine
algebraic super-group G by a closed super-subgroup H is discussed in [8], [28],
[15] and [14].
1.4. Ourmethod. Ourmethod of proving the result in both cases is Hopf-algebraic,
using the bosonization technique developed in [15]. Let G and X be as in the
last theorem. These correspond to a Hopf super-algebra A and a super-algebra
B, respectively. An action X × G → X corresponds to a co-action B → B ⊗ A;
this last is a super-algebra map, and hence it involves the somewhat complicated
super-symmetry. By Radford’s bozonization construction [19], there arises a co-
action Bˆ → Bˆ ⊗ Aˆ by an ordinary Hopf algebra Aˆ on an ordinary algebra Bˆ; this
does not involves the super-symmetry any more, but Aˆ and Bˆ are non-commutative
in general. The bozonization technique mentioned above shows how to deduce
results from the “bozonized”, ordinary situation to the super situation. Indeed,
we have a plenty of results on non-commutative Hopf algebras which deserve the
technique to be applied. What we need here is results in Hopf-Galois Theory,
which is a non-commutative generalization of theory of affine-group actions on
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affine schemes; the first successful result in the Hopf-Galois Theory was probably
the Kreimer-Takeuchi Theorem [6], which is a non-commutative generalization
of Grothendieck’s Theorem mentioned above. In fact, our result above in Case
(I) follows easily by applying the bosonization technique to the Kreimer-Takeuchi
Theorem. Therefore, our emphasize is put on Case (II), as will be seen in view of
the title of this paper.
1.5. The core of the paper. Suppose that k is a field. To generalize the result of
Theorem 1.1 in Case (ii), one should know (see Remark 3.6) that those linearly
reductive affine super-groups which are not ordinary affine groups are rather re-
stricted, as was shown by Weissauer [27]. We choose the larger class, as in (II)
above, which consists of all affine algebraic super-groups G with integral (see Sec-
tion 3.1 for definition), to obtain the desired conclusion of Theorem 1.2. Those
G are characterized by the property that the representation category G-SMod has
enough projective; see Proposition 3.5. We prove in Theorem 3.7 that an affine al-
gebraic super-group G has an integral if and only if the naturally associated affine
algebraic group Gev has an integral. This, combined with Sullivan’s Theorem (see
Theorem 3.8) which characterizes affine algebraic groups with integral, tells us that
the class of affine algebraic super-groups with integral is indeed large in character-
istic zero; see Remark 3.9.
We remark here that the integrals of complex affine super-groups were previ-
ously studied by Scheunert and Zhang [21], [22]. It may be said that our results on
integrals in characteristic zero merely refine theirs, applying subsequently devel-
oped theory. An advantage of ours is an explicit formula of the integral, which is
applied to characterize connected affine algebraic super-groups G with two-sided
integral; it turns out that G is such if Gev is semisimple. See Remarks 3.12 and
3.15, and Proposition 3.16.
After proving the main result, Theorem 3.17, in Case (II), the core section as
well as the paper ends with Section 3.4; we compare there the proved result with
subsequent results by Oe and the first named author, and give an example, Example
3.22, as well as a short discussion on significance of that proved result.
2. Affinity of quotients
2.1. Basics on super-algebras and super-modules. This subsection is supple-
mentary to Section 1.2. Let R be a super-algebra. Recall that it is an algebra object
in SModk. A left (resp. right) module object over R is called a left (resp., right)
R-super-module. Since R is assumed to be super-commutative, we need not specify
“left” or “right”, indeed. To be more precise, given a k-super-module M, the left
and the right R-super-module structures on M are in one-to-one correspondence, by
twisting the side through the super-symmetry cR,M : R⊗M
≃−→ M⊗R. Let R-SMod
denote the (k-linear abelian) category of R-super-modules. It has R⊕R[1] as a pro-
jective generator, where R[1] denotes the degree shift of R, so that Ri+1 = R[1]i,
i ∈ Z2. Therefore, an R-super-module is projective (in R-SMod) if and only if it is
a direct summand of some copies of R or R[1]. Every R-super-module is regarded
as a left and right module over the algebra R, with the Z2-grading forgotten.
Lemma 2.1. Let M be an R-super-module.
(1) If M is finitely generated as a left or right R-module, then it has a finite set
of homogeneous generators.
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(2) M is (faithfully) flat as a left or/and right R-module if and only if the tensor-
product functor
M⊗R : R-SMod → R-SMod
is (faithfully) exact.
(3) If M is projective in R-SMod, then it is projective as a left or/and right
R-module. The converse holds if k is a field.
Proof. (1) This is easy to see. (2) See the proof of [7, Lemma 5.1 (1)], which works
as well when the base k is a commutative ring. (3) See the proof of [7, Lemma 5.1
(2)], which is based on the fact that the smash product R ⋊ (kZ2)
∗ is separable over
R, and works, therefore, in characteristic 2, as well. 
Lemma 2.2. Let R be a super-algebra, and let P be an R-super-module which is
finitely generated projective as a (left or right) R-module. Then P is a generator of
R-modules if and only if P is faithful as an R-module.
Proof. “Only if” is obvious. For “if”, assume that P is faithful. To prove that
the trace ideal T(P) of P coincides with R, we wish to show that the localizations
T(P)m and Rm at every maximal ideal m of the central subalgebra R0 ⊂ R coincide.
Since Rm is local (indeed, Rm/mRm is a field modulo the nil ideal generated by the
odd component), Pm is a finitely generated free Rm-module, which has T(P)m as
its trace ideal. It remains to prove Pm , 0.
An element of R annihilates P if and only if it annihilates all elements in an arbi-
trarily chosen set of homogeneous generators of P; see Lemma 2.1 (1). Therefore,
the faithfulness of P is expressed as an R-super-module injection R → P1⊕· · ·⊕Pr,
where 0 < r < ∞, and each Pi is a copy of P or of its degree shift P[1]. This implies
Pm , 0. 
Suppose that k is a field. Let C be a super-coalgebra, or namely, a coalgebra
object in SModk. A (left or right) C-super-comodule is a C-comodule object.
Lemma 2.3. A left or right C-super-comodule is injective in the category of those
super-comodules if and only if it is injective, regarded as an ordinary comodule
over the coalgebra C.
Proof. This follows easily by dualizing the proof of Lemma 2.1 (3), above. 
2.2. Basics on super-functors. Suppose that R → S is a map of super-algebras.
It is said to be an fpqc covering, if S is faithfully flat as a left or equivalently,
right R-module; see Lemma 2.1 (2). The map is said to be an fppf covering, if
it is an fpqc covering, and if S is finitely presented as a super-algebra over R;
the second assumption means that S is presented so as R[x1, · · · , xm; y1, · · · , yn]/I,
where x1, . . . , xm are finitely many even variables, y1, . . . , yn are finitely many odd
variables, and I is a super-ideal which is generated by finitely many homogeneous
elements.
Recall that SAlgk denotes the category of super-algebras over k. A k-super-
functor is a set-valued functor defined on the category SAlgk. A k-super-functor X
is called an affine super-scheme (over k), if it is representable, and in addition, if the
super-algebra which represents X is non-zero; the added assumption is equivalent
to that X(R) , ∅ for some 0 , R ∈ SAlgk. We say that a k-super-functor X is a dur
sheaf (resp., sheaf ), if it preserves finite direct products and the exact diagram
R → S ⇒ S ⊗R S
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which naturally arises from any fpqc (resp., fppf) covering R → S . The dur sheaves
and the sheaves form full subcategories in the category of k-super-functors; the
latter subcategory includes the former, which in turn includes the category of affine
super-schemes.
An affine super-group (over k) is an representable group-valued functor defined
on SAlgk; it is uniquely represented by a Hopf super-algebra. Given an affine super-
scheme or super-group X, we let O(X) denote the (Hopf) super-algebra which rep-
resents X. In this case, X is said to be algebraic (resp., Noetherian), if O(X) is
finitely generated as an algebra (resp., if O(X) is Noetherian [16, Section A.1] in
the sense that its super-ideals satisfy the ascending chain condition).
2.3. Actions by affine super-groups. Let X be an affine super-scheme, and let G
be an affine super-group. Suppose that G acts on X. Here and in what follows, G-
actions are always supposed to be from the right. Thus we are given a super-algebra
map
(2.1) ρ : O(X) → O(X) ⊗ O(G)
by which O(X) is a right O(G)-comodule. The super-subalgebra of G-invariants
(or of O(G)-co-invariants) in O(X) is defined by
(2.2) O(X)G = {b ∈ O(X) | ρ(b) = b ⊗ 1}.
This is indeed a super-subalgebra of O(X).
Retain the situation as above. Assume that the action is free in the sense that the
morphism of k-super-functors given by
(2.3) X ×G → X × X, (x, g) 7→ (x, xg)
is injective; this means that for every super-algebra R, the map X(R) × G(R) →
X(R)× X(R) given as above is injective. This is equivalent to saying that the super-
algebra map
O(X) ⊗ O(X) → O(X) ⊗ O(G), a ⊗ b 7→ aρ(b)
is surjective. We have the k-super-functor which associates to each super-algebra R,
the set X(R)/G(R) of all G(R)-orbits in X(R). The freeness assumption ensures that
the map X(R)/G(R) → X(S )/G(S ) is injective if R → S is injective. This makes
it possible, as shown in [5, Part I, 5.4] in the non-super situation, to construct in
a simple manner, the dur sheaf X ˜˜/G and the sheaf X/˜G which both are associated
with the k-super-functor above. This dur sheaf (resp., sheaf) is characterized by the
exact diagram
X ×G ⇒ X → X ˜˜/G (resp., X ×G ⇒ X → X/˜G)
in the category of dur sheaves (resp., of sheaves), where the paired arrows represent
the action and the projection.
2.4. Affinity criteria. We reproduce from [15] the following super-analogue of
Oberst’s Theorem [18, Satz A]; it originally excluded the case when char k = 2,
in which case the proof is seen to work as well, under the present, appropriate
definition of super-commutativity.
Theorem 2.4 ([15, Theorem 7.1]). Suppose that k is a field. Suppose that an affine
super-group G acts freely on an affine super-scheme X.
(1) The following are equivalent:
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(a) The dur sheaf X ˜˜/G is an affine super-scheme;
(b) O(X) is injective as a right O(G)-comodule;
(c) O(X)G ֒→ O(X) is an fpqc covering, and the super-algebra map
(2.4) β : O(X) ⊗O(X)G O(X) → O(X) ⊗ O(G), β(a ⊗ b) = aρ(b)
is bijective.
If these conditions are satisfied, then X ˜˜/G is represented by O(X)G.
(2) Suppose that X is Noetherian, and G is algebraic. Then the affine super-
scheme X ˜˜/G is Noetherian, and coincides with the sheaf X/˜G.
Remark 2.5. Suppose that k is a non-zero commutative ring. Let Y denote the
affine super-scheme represented by O(X)G . Note that the map β represents the
morphism
(2.5) X ×G → X ×Y X, (x, g) 7→ (x, xg)
which is thus given in the same way as in (2.3). We then see that (c) implies (a)
(and, moreover, X ˜˜/G = Y), since (c) ensures that the last morphism is isomorphic,
and the canonical X ×Y X ⇒ X → Y is an exact diagram of dur sheaves. Similarly,
we see that if O(X)G ֒→ O(X) is an fppf covering, and β is bijective, then X ˜˜/G =
X/˜G = Y .
Remark 2.6. In the same situation as in the preceding remark (in particular, over
a non-zero commutative ring k), suppose that Condition (c) is satisfied. Then the
morphism X → Y is an epimorphism of dur sheaves, and (2.5) is an isomorphism
of affine super-schemes. In this case we say that X → Y is a (right) G-torsor;
this may be alternatively called an algebraic principal super-bundle with structure
super-group G. This is a subject of interest for further study. Some subsequent
results by Oe and the first-named author will be presented without proof in Section
3.4, to compare with our main result, Theorem 3.17.
2.5. Bosonization technique. Here we recall from [15, Section 10] the technique,
which was used to prove Theorem 2.4 above, and will play a role in the sequel.
Suppose that k is a non-zero commutative ring. Present Z2 as a multiplicative
group so as
(2.6) Z2 = 〈σ | σ2 = e〉.
Given a super-algebra A which may not be super-commutative, let the generator σ
of Z2 act on A so that
σ · a = (−1)|a|a, a ∈ A,
and let A ⋊ Z2 denote the resulting algebra of semi-direct (or smash) product. Du-
ally, if A = (A, δ, ǫ) is a super-coalgebra, then the coalgebra A >◭ Z2 of smash
co-product is constructed on the tensor product A ⊗ kZ2 by the structure maps
∆(a ⊗ σi) =
∑
j
(b j ⊗ σi+|c j |) ⊗ (c j ⊗ σi), ε(a ⊗ σi) = ǫ(a),
where i ∈ {0, 1}, a ∈ A and δ(a) = ∑ j b j ⊗ c j.
Suppose that A is a Hopf super-algebra which may not be super-commutative.
The bosonization A >⋖p Z2 of A is the ordinary Hopf algebra defined on A ⊗ kZ2
which is A ⋊ Z2 as an algebra, and is A >◭ Z2 as a coalgebra. The antipode S is
given by
S (a ⊗ σi) = (−1)i+|a| s(a) ⊗ σi+|a|, a ∈ A, i ∈ {0, 1},
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where s is the antipode of A. This S is bijective if s is; this is the case if A is super-
commutative, and hence s is an involution. But even under the assumption, S is
not necessarily an involution. (A historical remark: the construction was originally
done by Radford [19] under the name “bi-product” in the generalized situation
where Z2, or the group algebra kZ2, is replaced by an arbitrary Hopf algebra.)
Suppose that we are in the situation of Section 2.3, so that an affine super-group
G acts on an affine super-scheme X. We set
A = O(G), B = O(X), C = BG, Aˆ = A >⋖p Z2, Bˆ = B ⋊ Z2.
The structure map ρ : B→ B ⊗ A given in (2.1) gives rise to the algebra map
ρˆ : Bˆ→ Bˆ ⊗ Aˆ, ρˆ(b ⊗ σi) =
∑
j
(b j ⊗ σi+|a j |) ⊗ (a j ⊗ σi),
where i ∈ {0, 1}, b ∈ B and ρ(b) = ∑ j b j ⊗ a j. Moreover, (Bˆ, ρˆ) is a right Aˆ-
comodule (algebra), and the subalgebra
Bˆco Aˆ = {b ∈ Bˆ | ρˆ(b) = b ⊗ 1}
of Aˆ-co-invariants in Bˆ coincides with C (= C ⊗ k). This and the following are
proved in [15, Proposition 10.3] in the generalized situation noted above.
Lemma 2.7. The map β : B ⊗C B → B ⊗ A defined in (2.4) is surjective (resp.,
bijective) if and only if the map
βˆ : Bˆ ⊗C Bˆ → Bˆ ⊗ Aˆ, βˆ(a ⊗ b) = a ρˆ(b)
surjective (resp., bijective).
This lemma will be used to deduce new results in the super situation from known
ones on ordinary Hopf algebras, which include some important ones by Schauen-
burg and Schneider [20], in particular.
2.6. Quotients by finite super-groups. Suppose that k is a non-zero commutative
ring. An affine super-group G is said to be finite if O(G) is finitely generated pro-
jective as a k-module. The following theorem, a super-analogue of Grothendieck’s
Theorem, generalizes Theorem 0.1 of Zubkov [29], who assumes that k is a field.
Our proof using the bosonization technique is different from and simpler than the
one in [29].
Theorem 2.8. Suppose that a finite affine super-group G acts freely on an affine
super-scheme on X. Then O(X)G ֒→ O(X) is an fppf covering. The dur sheaf
X ˜˜/G and the sheaf X/˜G coincide, and they are in fact the affine super-scheme
represented by O(X)G .
Proof. Let us use the same notation as in the preceding subsection. By Remark 2.5
it suffices to prove that (i) C ֒→ B is an fppf covering, and (ii) β is bijective. Now,
βˆ is surjective (since β is), and the Hopf algebra Aˆ is finitely generated projective as
a k-module. It follows by the Kreimer-Takeuchi Theorem [6] that (iii) Bˆ is finitely
generated projective, or equivalently, finitely presented flat, as a (left and right)
C-module, and (iv) βˆ is bijective. By Lemma 2.7, (iv) ensures (ii).
By Lemma 2.2, C ֒→ B splits C-linearly. This, combined with the flatness of
(iii), shows that C ֒→ B is an fpqc covering. The remaining (i) follows from the
“only if” part of the following (cf. [29, Remark 1.1]):
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Fact 2.9. In general, given a map C → B of super-rings (or namely, of super-
algebras over Z), B is finitely presented as a C-module if and only if B is finitely
generated as a C-module and finitely presented as a C-super-algebra.
This is proved essentially in the same way as in the non-super situation; see [4,
Proof of (B12), p.570], for example. In fact, the now needed “only if” is proved as
follows. Assume that B is finitely presented as a C-module. Then we have an exact
sequence P → Q → B→ 0 of C-super-modules, where P and Q are direct sums of
some finitely many copies of C or C[1]. Let C′ = Z[cpq, dsqr] denote the Z-super-
subalgebra of C generated by all cpq, d
s
qr (finitely many homogeneous elements),
where cpq are the entries of the matrix which presents P → Q with respect to
the canonical C-bases, and dsqr are the structure constants, bqbr =
∑
s d
s
qrbs, of
B with respect to the images bq of the canonical C-basis elements of Q. Define
B′ :=
∑
qC
′bq in B. Then we see B = B′⊗C′C, and that B′ is aC′-super-subalgebra
of B. Moreover, this B′ is finitely generated over the Noetherian super-algebra
C′, and hence is finitely presented. This concludes that B (= B′ ⊗C′ C) is finitely
presented as a C-super-algebra. 
3. Integrals for affine super-groups
Throughout in this section we suppose that k is a field, and let G be an affine
super-group over k; it will be often assumed to be algebraic. We let k¯ denote the
algebraic closure of k, and Gk¯ denotes the base extension of G to k¯.
3.1. Preliminary results. We let
(3.1) A := O(G)
denote the Hopf super-algebra which represents G, as before. Following [22], a left
integral for G is defined to be an element φ in the dual algebra A∗ of the coalgebra
A, such that
ξ φ = ξ(1)φ, ξ ∈ A∗.
Such an element is identified with a left (not necessarily Z2-graded) A-comodule
map φ : A → k, where k is regarded as a trivial A-comodule. A right integral for G
is defined analogously. The left integrals and the right integrals are in one-to-one
correspondence, through the dual s∗ of the antipode s of A.
In general, given a coalgebra C, we let
(3.2) Hom−C(C, k)
denote the vector space of right C-comodule maps C → k. We now use this nota-
tion when C = A, Aˆ.
Proposition 3.1 ([21, Theorem 1]). There is a natural k-linear isomorphism
Hom−A(A, k) ≃ Hom−Aˆ(Aˆ, k).
Proof. We suppose Z2 = 〈σ | σ2 = e〉 as in (2.6), and define
ω : kZ2 → k, ω(σi) = δi,0, i ∈ {0, 1}.
This ω is a unique (up to scalar multiplication) right kZ2-comodule map; it is nec-
essarily a right Aˆ-comodule map since kZ2 is a Hopf subalgebra of Aˆ. We add the
remark: by the same reason every right Aˆ-comodule map φ : Aˆ → k vanishes on
A ⊗ σ in Aˆ = A ⊗ kZ2. Indeed, given a ∈ A, the map kZ2 → k, x 7→ φ(a ⊗ x) is a
right kZ2-comodule map, whence it vanishes at σ.
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Given ψ ∈ Hom−A(A, k), define φ : Aˆ = A ⊗ kZ2 → k by φ := ψ ⊗ ω. This φ
coincides with the composite
Aˆ = AAAˆ
ψAidAˆ−→ kAAˆ = kZ2
ω−→ k
of the co-tensor product ψAidAˆ (see [1, Section 2.3]) with ω. Hence we have
φ ∈ Hom−Aˆ(Aˆ, k). The assignment ψ 7→ φ gives a desired isomorphism. Indeed,
one sees by using the remark above that the inverse assigns to each φ, the map
A → k, a 7→ φ(a ⊗ e) (= φ(a ⊗ (e + σ))). 
Apparently, the proposition holds for any arbitrary Hopf super-algebra that may
not be super-commutative, and the result is essentially shown by Scheunert and
Zhang [21] by essentially the same method. The proof of ours, which uses the
co-tensor product, might be slightly simpler.
Corollary 3.2. A non-zero left or right integral for G, if it exists, is unique up to
scalar multiplication.
Proof. This follows by the last proposition combined with the well-known unique-
ness for ordinary Hopf algebras [25] due to Sullivan; see also [1, Theorem 5.4.2].

It follows that a non-zero left or right integral forG is homogeneous. To be more
explicit, the homogeneous components φ0, φ1 of a (left or right) integral φ ∈ A∗
are integrals, whence φ = φ0 or φ = φ1. This means that the A-comodule map
φ : A → k vanishes on A1 or on A0; see [21, Theorem 1], again.
Example 3.3 ([21, Example 1]). Let W be a vector space of dimension n < ∞,
and let ∧(W) denote the exterior algebra on W , which we regard as a (super-
commutative and super-cocommutative) Hopf super-algebra with all elements w
in W odd primitives, ∆(w) = 1 ⊗ w + w ⊗ 1, ε(w) = 0. Choose arbitrarily a basis
w1,w2, . . . ,wn of W . Let
(3.3) Λn := { I = (i1, i2, . . . , ir) | 0 ≤ i1 < i2 < · · · < ir ≤ n, 0 ≤ r ≤ n }
denote the set of all strictly increasing sequences of positive integers ≤ n. Then
this ∧(W) has
wI = wi1 ∧ wi2 ∧ · · · ∧ wir , I = (i1, i2, . . . , ir) ∈ Λn
as a basis. One sees that the k-linear map
φ : ∧(W) → k, φ(wI) =

1 if I = (1, 2, . . . , n);
0 otherwise
is a non-zero left and right integral for the finite affine super-group represented by
∧(W), which is even (resp., odd) if n (= dimW) is even (resp., odd).
Definition 3.4. We say that G has an integral or G is an affine super-group with
integral, if G has a non-zero left or right integral. This is equivalent to saying that
A (= O(G)) is (left or/and right) co-Frobenius as a coalgebra; see [1, Section 5.3].
We say that G is unimodular, if it has a non-zero, left and at the same time right
integral.
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Left and right A-super-comodules are naturally identified. To be more precise,
given a super-vector space V , the left and the right A-super-comodule structures
on V are in one-to-one correspondence, by twisting the side through V ⊗ A id⊗s−→
V ⊗ A cV,A−→ A ⊗ V , where s denotes the antipode of A. A left (resp., right) A-
super-comodule is naturally identified with a left (resp., right) Aˆ-comodule. One
may understand that a left (resp., right) G-super-module is by definition a right
(resp., left) A-super-comodule. We may and do choose left G-super-modules, and
denote their category by G-SMod. This is a k-linear abelian, symmetric category
with enough injectives. In view of Proposition 3.1 the next proposition follows by
applying to our Aˆ, the characterization [1, Theorem 3.2.3] for a coalgebra to be
co-Frobenius.
Proposition 3.5. For an affine super-group G, the following are equivalent:
(a) G has an integral;
(b) G-SMod has enough projectives;
(c) Every injective object in G-SMod is projective;
(d) For every finite-dimensional object in G-SMod, its injective hull is finite-
dimensional.
Remark 3.6. A left or right integral φ for an affine super-group G is said to be
total if φ(1) = 1. Such an integral, if it exists, is unique (in the strict sense), and
is a left and right integral, as is easily seen; see [21, Proposition 2]. We say that G
is linearly reductive, if it has a total integral. This is the case if and only if every
object in G-SMod is semisimple if and only if the coalgebra A (or equivalently,
Aˆ) is cosemisimple [1, p.199]. As was shown by Weissauer [27], those linearly
reductive affine super-groups which are not purely even are rather restricted even
in characteristic zero.
The ordinary (commutative) algebras, regarded as purely even super-algebras,
form a full subcategory, Algk, of SAlgk. The restricted group-valued functor G|Algk ,
which we denote by Gev, is an affine group, which is represented by the largest
purely even quotient Hopf super-algebra
(3.4) H := A/(A1)
of A. Here (A1) denotes the super-ideal generated by the odd component A1 of A.
Let W = T ∗e (G)1 denote the odd component of the cotangent super-vector space
T ∗e (G) of G at the identity element e; we have dimW < ∞ and Gev is algebraic,
provided G is algebraic. For the exterior algebra on W , recall from Example 3.3
only the co-unit ε : ∧(W) → k; ε(w) = 0, w ∈ W . By [7, Theorem 4.5] (see also
[13, Theorem 5.7]) there exists a co-unit-preserving isomorphism
(3.5) A ≃ ∧(W) ⊗ H
of right H-super-comodule algebras, i.e., algebra objects in the tensor category of
right H-super-comodules.
3.2. Affine algebraic super-groups with integral. In this subsection we aim to
prove the following theorem, which appeared in [9] (see Proposition 7.5) without
proof.
Theorem 3.7. Suppose that G is an affine algebraic super-group; Gev is then an
affine algebraic group. The following are equivalent:
AFFINE ALGEBRAIC SUPER-GROUPS WITH INTEGRAL 11
(i) G has an integral;
(ii) Gev has an integral.
Proof of (i)⇒ (ii). The implication follows since the rightO(Gev)-comodule O(G)
is co-free (i.e., the direct sum of some copies of O(Gev)), as is seen from (3.5). 
A proof of (ii)⇒ (i) will be given in Sections 3.2.1–3.2.2 below.
The following Sullivan’s Theorem for F applied to Gev tells us precisely when
Condition (ii) above is satisfied.
Theorem 3.8 (Sullivan). Let F be an affine algebraic group.
(1) Suppose char k = 0. Then F has an integral if and only if F is linearly
reductive.
(2) Suppose char k > 0, and let F◦ be the connected component containing the
identity element. Then F has an integral if and only if the reduced affine
algebraic k¯-group (F◦
k¯
)red associated with the base extension F
◦
k¯
of F◦ to k¯
is a torus.
Remark 3.9. Suppose char k = 0. One sees from the preceding two theorems that
the connected (see below) affine algebraic super-groups with integral are precisely
what Serganova [23] proposed to call quasi-reductive super-groups; see also [24].
They form a large class which includes Chevalley super-groups of classical type
[3].
Let G be an affine algebraic super-group, and let A = O(G). Then A includes
the largest (purely even) separable subalgebra π0A, which is necessarily a Hopf
subalgebra. Let π0G denote the finite etale affine group represented by π0A. Let
G◦ denote the affine algebraic closed super-subgroup of G which is represented by
the quotient Hopf super-algebra A/((π0A)
+) of A; if G = Gev, this G
◦ coincides
with what appeared in Part 2 of Theorem 3.8, as F◦ for F. We have the short exact
sequence G◦ → G → π0G of affine algebraic super-groups. One sees from [16,
Section 2.2]
(3.6) π0(Gev) = π0G, (Gev)
◦ = (G◦)ev,
and that the relevant constructions commute with base extension. We say that G is
connected if G = G◦, or equivalently, if π0G is trivial; by (3.6), this is equivalent
to saying that Gev is connected.
Lemma 3.10. The following are equivalent:
(a) G has an integral;
(b) Gk¯ has an integral;
(c) G◦ has an integral;
(d) G◦
k¯
has an integral.
Proof. For (a) ⇔ (b), modify the proof of [26, Proposition 2.1] into the super
situation. We see that (a) ⇔ (c) follows from Lemma 3.11 below. The just proved
equivalence applied to G◦ gives (c)⇔ (d). 
Lemma 3.11. We have the following.
(1) Every finite affine super-group has an integral.
(2) Suppose that N → G → Q is a short exact sequence of affine super-groups.
Then G has an integral if and only if N and Q both have integrals.
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Proof. (1) This follows from Proposition 3.1, by applying to O(G) >⋖p Z2 the well-
known fact that every finite-dimensional Hopf algebra is co-Frobenius; see [1, Sec-
tions 5.2-5.3].
(2) The proof of [26, Theorem 2.20] in the non-super situation works well. 
We are going to prove the remaining implication (ii) ⇒ (i) of Theorem 3.7.
By Lemma 3.10 we may and do assume that k is algebraically closed, and G is
connected. Let us write A = O(G), H = O(Gev), as in (3.1), (3.4).
Remark 3.12. In characteristic zero, the results we are going to prove (assuming
as above) are in part, quite similar to those obtained by Scheunert and Zhang [22].
An advantage of ours is an explicit formula (see Remark 3.15) of the integral for
G; it will be applied to prove the result, Proposition 3.16, which shows precisely
when G is unimodular (Definition 3.4), and thereby proves that G is unimodular if
Gev is semisimple.
3.2.1. Proof in positive characteristic. Suppose char k = p > 0. In view of The-
orem 3.8 (2), we should prove that G has an integral, assuming that (Gev)red is a
torus. Given a positive integer r, the r-iterated Frobenius morphism gives the short
exact sequence with finite kernel
Gr → G → G(r).
Thus O(G(r)) is spanned by the elements ap
r
, where a ∈ A. We see from the
isomorphism (3.5) that for r large enough, O(G(r)) is purely even and reduced, and
is naturally embedded into H/
√
0 = O((Gev)red). Hence G
(r) is a torus, which has
an integral. This together with Lemma 3.11 prove the desired result.
3.2.2. Proof in characteristic zero. Suppose char k = 0. Assume that the con-
nected affine algebraic group Gev has an integral, or equivalently, Gev is linearly
reductive; this last is equivalent to saying that Gev is reductive since it is now con-
nected. For the vector space of comodule maps we will use the notation (3.2). Then
we have Hom−H(H, k) , 0. It suffices to prove the following:
Proposition 3.13. We have a k-linear isomorphism
(3.7) Hom−A(A, k) ≃ Hom−H(H, k).
We are going to prove this, showing explicitly the isomorphism; see Remark
3.15.
Let g = Lie(G) be the Lie super-algebra of G; see [28, Section 3], for example.
This g is finite-dimensional. Note that the odd component g1 of g coincides with
the dual vector space W∗ of the W in (3.5). The even component g0 of g coincides
with the Lie algebra Lie(Gev) of Gev, which is now reductive.
The universal envelope U(g) is a Hopf super-algebra with all elements in g prim-
itive, which is super-cocommutative, but is not necessarily super-commutative; it
includes the universal envelope U(g0) of g0 as the largest purely even Hopf super-
subalgebra. We have the canonical pairing 〈 , 〉 : U(g)× A → k. This defines on A,
the natural left U(g)-module structure
u · a :=
∑
(a)
a(1) 〈u, a(2)〉, u ∈ U(g), a ∈ A.
Here and in what follows, ∆(a) =
∑
(a) a(1)⊗a(2) denotes the co-product on any Hopf
(super-)algebra; in addition, see [13, Section 3.2] for sign convention. Similarly,
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the canonical pairing U(g0) × H → k defines a natural left U(g0)-module structure
on H. For the algebra R = U(g) or U(g0), we let HomR− denote the vector space of
left R-module maps.
Lemma 3.14. We have
(3.8) Hom−A(A, k) = HomU(g)−(A, k).
Proof. Since Gev is connected, the same argument as proving [8, Proposition 20],
that uses (3.5) essentially, shows that the natural Hopf algebra map from A to the
dual Hopf super-algebra of U(g), which arises from the pairing 〈 , 〉 : U(g)×A → k
above, is injective. This implies the desired result. 
It is proved by [12, Proposition 4.25] that the left U(g)-module map
η : A → HomU(g0)−(U(g),H)
defined by
η(a)(u) =
∑
(a)
π(a(1)) 〈u, a(2)〉, a ∈ A, u ∈ U(g)
is an isomorphism, where π : A → H = A/(A1) is the natural projection.
Recall from [22, Appendix] the following argument, modifying it so as to work
on the opposite side. Let n = dim g1, and choose arbitrarily a basis x1, x2, . . . , xn of
g1. Let Λn be as in (3.3). Then U(g) has
(3.9) xI = xi1 xi2 . . . xir , I = (i1, i2, . . . , ir) ∈ Λn,
as a left U(g0)-free basis; we have x∅ = 1 by convention. Let L = (1, 2, . . . , n)
denote the the longest sequence in Λn. Let ̟ : U(g) → U(g0) be the map
which assigns the special coefficient cL to every element
∑
I∈Λn cI xI in U(g), where
cI ∈ U(g0). This is apparently left U(g0)-linear. Given x ∈ g0, let ad′x : g1 →
g1, (ad
′x)(y) = [x, y] denote the adjoint action on g1. Let α : U(g0) → U(g0) be
the algebra automorphism determined by
α(x) = x + Tr(ad′x)1, x ∈ g0.
Let α¯ = α−1 denote the inverse of α. Then one sees that
̟(xIα(c)) =

c if I = L;
0 otherwise,
where I ∈ Λn and c ∈ U(g0). (To see this, one may replace U(g) with the naturally
associated graded Hopf super-algebra U(g)gr as given in [7, Section 3], or in other
words, one may suppose [g1, g1] = 0.) It follows that ̟ : U(g) → U(g0)α¯ is right
U(g0)-linear, where U(g0)α¯ indicates the right U(g0)-module obtained from U(g0)
by twisting the action through α¯. The associated pairing
( , )̟ : U(g) × U(g) → U(g0), (u, v)̟ = ̟(uv)
makes U(g) ⊃ U(g0) into a free α-Frobenius extension. This means that given a
left U(g0)-module M, the left U(g0)-module map
(3.10) U(g) ⊗U(g0) M → HomU(g0)−(U(g), αM),
which assigns to an element v ⊗ m ∈ U(g) ⊗U(g0) M, the left U(g0)-module map
U(g) → U(g0)α¯ ⊗U(g0) M = αM, u 7→ α((u, v)̟)m, is an isomorphism. Here αM
indicates the twisted left U(g0)-module, as before.
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Take as the M in (3.10), the twisted left U(g0)-module α¯H. Then the resulting
isomorphism composed with η gives an isomorphism
A ≃ U(g) ⊗U(g0) α¯H
of left U(g)-modules. Note that there uniquely exists a right U(g0)-free basis yI , I ∈
Λn, of U(g) which is dual to the basis xI in (3.9) with respect to the pairing ( , )̟
in the sense that (xI , yJ)̟ = δI,J , the Kronecker delta. Then one sees that the last
isomorphism is explicitly given by
(3.11) A
≃−→ U(g) ⊗U(g0) α¯H, a 7→
∑
(a),I∈Λn
yI ⊗ π(a(1)) 〈xI , a(2)〉.
In view of the equation (3.8) and an analogous one, we have
Hom−A(A, k) ≃ HomU(g0)−(α¯H, k) = Hom−H(α¯H, k).
It remains to prove that α¯H ≃ H or H ≃ αH as right H-comodules.
Let δ : U(g0) → k be the algebra map determined by
(3.12) δ(x) = Tr(ad′x), x ∈ g0;
see [22, (5.2)]. The assumption k = k¯ ensures that Gev includes a split maximal
torus, say, T . Let h ⊂ g0 be the corresponding Cartan subalgebra. Since the restric-
tion δ|h of δ to h is an element in the character group X(T ) of T , it follows that the
one-dimensional U(g0)-module structure given by δ arises from an H-comodule
structure, whence δ is a grouplike in H (⊂ U(g0)∗); see [5, Part II, 1.20]. Since one
sees that α coincides with u 7→ ∑(u) u(1) δ(u(2)), the left U(g0)-module structure on
αH arises from the right H-comodule structure
αH → αH ⊗ H, h 7→
∑
(h)
h(1) ⊗ h(2)δ.
We see that h 7→ h δ gives a desired isomorphism αH ≃ H, since δ is grouplike.
This completes the proofs of Proposition 3.13 and of Theorem 3.7.
Remark 3.15. In view of (3.11), we see that the obtained isomorphism assigns to
each ψ in Hom−H(H, k), the right A-comodule map
(3.13) φ : A → k, φ(a) =
∑
(a)
ψ(π(a(1))δ
−1) 〈z, a(2)〉
(cf. [22, (4.2)]), where we set
z :=
∑
I∈Λn
xI ε(yI).
Suppose that k is a field of characteristic zero which may not be algebraically
closed. Note that the definition (3.12) of the algebra map δ : U(g0) → k still makes
sense.
Proposition 3.16 (cf. [22, Corollary 5.6]). Let G be a quasi-reductive super-group
(Remark 3.9) over the filed k as above, or namely, a connected affine algebraic
super-group over k such that Gev is (linearly) reductive.
(1) G is unimodular if and only if δ is trivial, or explicitly, δ(x) = 0, x ∈ g0.
(2) G is unimodular if Gev is semisimple.
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Proof. (1) By base extension we may suppose k = k¯, so that δ is a grouplike in
H. Since Gev is linearly reductive, we can choose a left and right integral ψ such
that ψ(1) = 1 (Remark 3.6), to which corresponds a non-zero right integral φ for G
given by the formula (3.13).
In general, the uniqueness on integrals gives rise to the so-called distinguished
grouplike [1, p.197]. In the present situation it is the homogeneous (necessarily,
even) grouplike γ ∈ A which satisfies γ φ(a) = ∑(a) a(1)φ(a(2)), or more explicitly,
(3.14) γ
〈
z,
∑
(a)
ψ(π(a(1))δ
−1) a(2)
〉
=
∑
(a)
a(1)
〈
z, ψ(π(a(2))δ
−1) a(3)
〉
for all a ∈ A; see also [21, Proposition 1], [22, Proposition 2.2]. This γ equals the
identity element if and only if φ is a left integral, as well. Therefore, we should
prove that γ = 1 if and only if δ = 1. By [7, Proposition 4.6 (3)], any inclusion
B ֒→ A of a Hopf super-subalgebra induces an injection B/(B1) → A/(A1) = H of
Hopf algebras. This, applied to the Hopf super-subalgebra B = kΓ spanned by all
even grouplikes Γ, tells us that we have only to prove π(γ) = δ, since the induced
injection is then π|kΓ : (B/(B1) =) kΓ → H. Apply π to both sides of (3.14). Then
the desired equality follows by using
∑
(a) π(a(1))ψ(π(a(2))δ
−1) = δψ(π(a)δ−1).
(2) If Gev (or g0) is semisimple, or equivalently, if g0 = [g0, g0], then δ is neces-
sarily trivial. Therefore, G is unimodular by Part 1. 
3.3. Quotients by affine algebraic super-groups with integral. Return to the
situation where k is an arbitrary field. We now come to prove the following main
result of ours.
Theorem 3.17. Suppose that an affine algebraic super-group G with integral acts
freely on an affine super-scheme X. Then dur sheaf X ˜˜/G is the affine super-scheme
represented by O(X)G . It is Noetherian, and coincides with the sheaf X/˜G, if X is
Noetherian.
Proof. Let us apply the argument of Section 2.5, using the same notation. It suffices
to prove
(1) βˆ : Bˆ ⊗C Bˆ→ Bˆ ⊗ Aˆ is bijective, and
(2) B is a projective generator of C-modules.
Note that βˆ is surjective, and Aˆ is co-Frobenius by Proposition 3.1. Corollary 3.3 of
[20] (in Case (4) applied when H = Q) ensures (1) and that Bˆ is projective as a left
C-module. Since the latter implies that B is projective as a C-module, it remains to
show that it is a generator. We are going to use:
(3) We have the isomorphism A ≃ ∧(W) ⊗ H as in (3.5), in which W and so
∧(W) are now finite-dimensional;
(4) The isomorphism β : B ⊗C B → B ⊗ A is G-equivariant, where G acts (or
A co-acts) on the right tensor-factors in B ⊗C B and in B ⊗ A.
Suppose char k = 0. By Theorems 3.7 and 3.8, Gev is linearly reductive. Note
that the restricted action byGev on X is free. Let D = B
Gev be the super-subalgebra
of Gev-invariants in B, which apparently includes C. By [20, Theorem 4.10] ap-
plied to the right comodule algebra Bˆ over the cosemisimple Hopf algebra H⊗kZ2,
we see that Bˆ and so B are (projective) generators of left (and right) D-modules.
Hence D is a projective C-module. It remains to prove that D is a generator of
C-modules. We aim to prove that D is finitely generated as a C-module; this will
imply the desired result by Lemma 2.2.
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Consider invariants by the restricted Gev-action. One sees from (3) that R :=
AGev is isomorphic to ∧(W), and (B ⊗ A)Gev = B ⊗ R. Since B is flat as a right
C-module, we have (B ⊗C B)Gev = B ⊗C D, whence β restricts to the isomorphism
B ⊗C D
≃−→ B ⊗ R.
Hence the projective left C-module D is finitely generated after the base extension
to B. The result we aim at follows by Lemma 3.18 below.
Suppose char k > 0, and let F = Gev. By base extension we may suppose k = k¯.
Then we have the split short exact sequence F◦ → F → π0F of affine algebraic
groups. By Theorems 3.7 and 3.8, T := F◦
red
is a torus. Since T is smooth, it
follows by [11, Proposition 1.10] that the closed embedding T ֒→ F◦ of right
T -equivariant affine schemes splits. We have, therefore, an isomorphism
H ≃ O(π0F) ⊗ O(F◦)T ⊗ O(T )
of rightO(T )-comodule algebras, whereO(π0F) andO(F
◦)T are both finite-dimensional;
the former is separable while the latter is local. Since T is linearly reductive, we
can modify the proof in characteristic zero, replacing Gev with T , to obtain the
result we aim at. 
Lemma 3.18. Let C ⊂ B be an inclusion of non-commutative rings. A projective
left C-module P is finitely generated if B⊗C P is a finitely generated left B-module.
Proof. By the projectivity P is included as a direct summand in a free left C-
module F =
⊕
i∈I Ci, where Ci = C. It suffices to prove that there exists a finite
subset I0 ⊂ I such that P is included in
⊕
i∈I0 Ci, since the last direct sum then
projects onto P. By the assumption there exists a finite subset I0 ⊂ I such that
B ⊗C P is included in
⊕
i∈I0 Bi (⊂ B ⊗C F), where Bi = B ⊗C Ci. Hence P is
included in F ∩
⊕
i∈I0 Bi =
⊕
i∈I0 Ci. 
3.4. Remarks and an example. We remark that a forthcoming paper by Oe and
the first named author discusses free actions by an affine algebraic super-groups on
super-schemes, which will contains the following result in the affinity situation.
Theorem 3.19 ([10]). Suppose that k is a field of characteristic , 2. Suppose that
an affine algebraic super-group G acts freely on a Noetherian affine super-scheme
X. Assume the following:
(a) G and X are both smooth [16, Section A.1];
(b) The dur sheaf Xev
˜˜/Gev associated with the induced (necessarily, free) ac-
tion by the affine algebraic group Gev on the Noetherian affine scheme Xev
is affine; it then necessarily follows that Xev
˜˜/Gev coincides with Xev/˜Gev,
and is smooth.
Then the dur sheaf X ˜˜/G is a Noetherian smooth affine super-scheme, and coincides
with the sheaf X/˜G. Moreover, we have
(3.15) (i) (X/˜G)ev = Xev/˜Gev; (ii) X ≃
(
(X/˜G) ×(X/˜G)ev Xev
) ×Gev G,
where (ii) is an isomorphism of right G-equivariant super-schemes.
Let us be in the situation of the theorem above, to re-formulate the conclusions
(i) and (ii) in the Hopf-algebra language. Suppose O(G) = A, O(Gev) = H and
O(X) = B, as before. The affine super-scheme Xev associated with X is defined in
the same way as theGev in Section 3.1, so that we have O(Xev) = B/(B1). We now
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have O(G/˜H) = BG, and this is proved to be a Noetherian smooth super-algebra.
Let C = BG, as before, and define B¯ := B/(B1), C¯ := C/(C1). Then the conclusion
(i) means C¯ = B¯Gev. By the Noetherian smoothness of C, the canonical projection
C → C¯ splits. Moreover, if one chooses arbitrarily a section C¯ → C, and regards C
as a super-algebra over C¯ through the section, then C is isomorphic to the exterior
algebra ∧C¯(P), where P is a finitely projective C¯-module; see [16, Theorem A.2].
The conclusion (ii) is re-formulated as an isomorphism
(3.16) B ≃ (C ⊗C¯ B¯)HA (= C ⊗C¯ (B¯HA))
of right A-super-comodule algebras, by using the co-tensor product [1, Section
2.3].
Remark 3.20. To compare the theorem above with our Theorem 3.17, suppose
that k is a field k of characteristic , 2, and let G be an affine algebraic super-group.
Recall that if char k = 0, then G is necessarily smooth; see [16, Proposition A.3].
Assume that G has an integral, and it acts freely on an affine super-scheme X. The
theorem above shows that the dur sheaf X ˜˜/G is an affine super-scheme, under the
assumptions: (1◦) X is Noetherian and smooth, and (2◦) if char k > 2, then G is
smooth, in addition. This is because the assumption (b) of the theorem is then
satisfied; in characteristic zero, the assumption is ensured by Theorem 1.1 in Case
(ii), since Gev is linearly reductive by Sullivan’s Theorem 3.8 (1). We remark that
in positive characteristic, the assumption (2◦) is satisfied if and only if G◦ev is a
torus, as is seen from Sullivan’s Theorem 3.8 (2). In this case it was probably
known that the assumption (b) is satisfied; at least now, this (b) is ensured by our
Theorem 3.17 applied in the non-super situation. Important is the fact that this
Theorem 3.17 ensures the conclusion that X ˜˜/G is an affine super-scheme without
the assumptions (1◦), (2◦).
Recall from (3.15) (ii) or (3.16) that under the assumptions (1◦), (2◦), X is of a
restricted form. Therefore, one may conclude that our Theorem 3.17 is rather of
theoretical importance; it is expected to bring some applications to subjects related
to torsors, such as super-differential Galois Theory.
The forthcoming paper contains the following result, as well, which is indeed
used to prove Theorem 3.19.
Theorem 3.21 ([10]). Suppose that k is as in the theorem just cited, and let G be
a smooth affine algebraic super-group. Given a Noetherian smooth affine super-
scheme Y, every G-torsor X → Y (Remark 2.6) arises from a purely even Gev-
torsor E → Yev, so that
(3.17) X = (Y ×Yev E) ×Gev G.
Here is a simple example which shows that for this result, the smoothness as-
sumption is indeed needed in char k > 2.
Example 3.22. Suppose p = char k > 0, choose an integer r > 0 and let q = pr. Let
G = αq be the affine group of elements whose q-th powers are zero; it is represented
by the Hopf algebra A = k[T ]/(T q) in which T is primitive. Apparently, this G
is not smooth, while it, being finite, has an integral. Choose arbitrarily a super-
algebra C , 0 and an even element τ ∈ C, |τ| = 0. Let Y denote the affine
super-scheme represented by C. Define a super-algebra over C by
Bτ := C[T ]/(T
q − τ),
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and let Xτ denote the affine super-scheme represented by this Bτ. We can make Bτ
into a right A-super-comodule algebra by
ρ : Bτ → Bτ ⊗ A, ρ(T ) = 1 ⊗ T + T ⊗ 1,
so that the associated action by G on Xτ is free, and Xτ
˜˜/G = Y , or in other words,
Xτ → Y is a G-torsor. Assume C/(C1) = k, and choose so as τ < k; the assumption
is satisfied with Y being Noetherian and smooth, and one can choose τ as required,
if C is the exterior algebra ∧(W) on a non-zero finite-dimensional vector space W ,
for example. Then Xτ is not of the form (3.17), as is easily seen.
Acknowledgments
The first-named author was supported by JSPSKAKENHIGrant Number 17K05189.
The second-named author was supported by JSPSKAKENHIGrant Number 19K14517.
References
[1] S. Da˘sca˘lescu, C. Na˘sta˘suscu, S¸. Raianu, Hopf algebras: an introduction, Marcel Dekker, New
York/Basel, 2001.
[2] M. Demazure, P. Gabriel, Groupes alge´briques I, North-Holland, Paris/Amsterdam, 1970.
[3] R. Fioresi, F. Gavarini,Chevalley supergroups, Memoirs Amer. Math. Soc. 215, no.1014, Amer.
Math. Soc., Providence, 2012.
[4] U. Go¨rtz, T. Wedhorn, Algebraic Geometry I, Schemes with Examples and Exercises,
Vieweg+Teubner, 2010D
[5] J. Jantzen, Representations of algebraic groups, Academic Press, New York, 1987.
[6] H. F. Kreimer and M. Takeuchi, Hopf algebras and Galois extensions of an algebra, Indiana
Univ. Math. J. 30 (1981), 675–692.
[7] A.Masuoka, The fundamental correspondences in super affine groups and super formal groups,
J. Pure Appl. Algebra 202 (2005), 284–312.
[8] A. Masuoka, Harish-Chandra pairs for algebraic affine super-group schemes over an arbitrary
field, Transform. Groups 17 (2012), no. 4, 1085–1121.
[9] A. Masuoka, Hopf algebraic techniques applied to super algebraic groups, Proceedings of
Algebra Symposium (Hiroshima, 2013), pp. 48–66, Math. Soc. Japan, 2013; available at: arXiv:
1311.1261v2
[10] A. Masuoka, T. Oe, Quotients X/G in super-symmetry I; affine case (tentative), in preparation.
[11] A. Masuoka, T. Oka, Unipotent algebraic affine supergroups and nilpotent Lie superalgebras,
Algebr. Represent. Theory 8 (2005) 397–413.
[12] A.Masuoka, T. Shibata, Algebraic super-groups and Harish-Chandra pairs over a commutative
ring, Trans. Amer. Math. Soc. 369 (2017), 3443–3481.
[13] A. Masuoka, T. Shibata, On functor points of affine super-groups, J. Algebra 503 (2018), 534–
572.
[14] A. Masuoka, Y. Takahashi, Geometric construction of quotients G/H in supersymmetry, Trans-
form. Groups, to appear; arXiv: 1808.05753v4
[15] A. Masuoka, A. N. Zubkov, Quotient sheaves of algebraic super-groups are superschemes, J.
Algebra 348 (2011), 135–170.
[16] A. Masuoka, A. N. Zubkov, Solvability and nilpotency for algebraic supergroups, J. Pure Appl.
Algebra 221 (2017), 339–365.
[17] D. Mumford, J. Fogarty, F. Kirwan, Geometric Invariant Theory, Third Enlarged Edition,
Ergebnisse der Mathematik und ihrer Grenzgebiete 34, Springer-Verlag, Berlin/Heidelberg,
1994.
[18] U. Oberst, Affine Quotientenschemata nach affine, algebraischen Gruppen und induzierte
Darstellungen, J. Algebra 44 (1977), 503–538.
[19] D. Radford, Hopf algebras with projection, J. Algebra 92 (1985), 322–347.
[20] P. Schauenburg, H.-J. Schneider, On generalized Hopf galois extensions, J. Pure. Appl. Algebra
202 (2005), 168–194.
AFFINE ALGEBRAIC SUPER-GROUPS WITH INTEGRAL 19
[21] M. Scheunert, R. B. Zhang, Invariant integration on classical and quantum Lie supergroups, J.
Math. Phys. 42 (2001), 3871–3897.
[22] M. Scheunert, R. B. Zhang, Integration on Lie super-groups: a Hopf superalgebra approach,
J. Algebra 292 (2005), 324–342.
[23] V. Serganova, Quasireductive supergroups, in: New developments in Lie theory and its appli-
cations, Contemp. Math. 544, Amer. Math. Soc., Providence, RI, 2011, pp. 141–159.
[24] T. Shibata, Borel-Weil theorem for algebraic supergroups, J. Algebra 547 (2020),179–219.
[25] J. B. Sullivan, The uniqueness of integrals for Hopf algebras and some existence theorems of
integrals for commutative Hopf algebras, J. Algebra 19 (1971), 426–440.
[26] J. B. Sullivan, Affine group schemes with integrals, J. Algebra 22 (1972), 546–558.
[27] R. Weissauer, Semisimple algebraic tensor categories, arXiv: 0909.1793.
[28] A. N. Zubkov, Affine quotients of super-groups, Transform. Groups 14 (2009), no 3, 713–745.
[29] A. N. Zubkov, On quotients of affine superschemes over finite super-groups, J. Algebra Appl.
10 (2011), no. 3, 391–408.
AkiraMasuoka, Institute ofMathematics, University of Tsukuba, Ibaraki 305-8571, Japan
E-mail address: akira@math.tsukuba.ac.jp
Taiki Shibata, Department of Applied Mathematics, Okayama University of Science, Okayama
700-0005, Japan
E-mail address: shibata@xmath.ous.ac.jp
Yuta Shimada, Graduate School of Pure and Applied Sciences, University of Tsukuba, Ibaraki
305-8571, Japan
E-mail address: shimada@math.tsukuba.ac.jp
